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Dynamic Bayesian Negative Binomial Model (DBNBM). The inference of these models is based 
on the sequential procedure outlined by West, Harrison and Migon (1985) and includes 
numerical approximations when no closed-form solution is available for the updating steps. In 
the case of the DBNBM, we also propose a Bayesian estimator for the static shape parameter 
using Adaptative Rejection Metropolis Sampling. As far as we are aware, no work in the 
literature follows a similar approach. We also present a simulation study to evaluate the 
properties of this estimator along with two real life data applications that highlight situations 
in which our methods outperform the conventional Poisson DGLM. 

Based on our results, we firmly believe that the framework developed in this manuscript is a 
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Bayesian Dynamic Models for Count Data with Overdispersion and

Inflation of Zeros

Victor Schmidt Comitti1, Thiago Rezende dos Santos, Fabio Nogueira Demarqui

Universidade Federal de Minas Gerais
Institudo Federal Sudeste de Minas Gerais - Campus Bom Sucesso

Abstract

Most of the proposed dynamic parameter-driven models for count time series are based on
the assumption of a Poisson distribution for the observations ignoring, sometimes, problems
related to overdispersion and zero inflation in the data. The objective of this paper is to
introduce novel dynamic Bayesian models for count time series to overcome this problem.
A family of dynamic Bayesian uniparametric models for count data is introduced whose
particular cases are the Bell, Poisson-Lindley, Yule-Simon and Borel models. Furthermore,
a biparametric Dynamic Bayesian Negative Binomial model with unknown shape parameter
is provided. The inferential procedure preserves the sequential analysis of the models and
is similar to the Dynamic Generalized Linear Models (DGLM) with with the novelty of
incorporating Monte Carlo integration to the recursive algorithm in order to deal with the
intractability of the updating distributions and an ARMS step to sample from the posterior
distribution of the shape parameter. The simulation results show a good performance of
the estimator considered for the static parameter of the biparametric Negative binomial
model which can be reasonably estimated. The application results also highlights a better
performance of the proposed uni/biparametric models over the Poisson model.

Keywords: zero inflated/overdispersed distribution, Negative binomial distribution,
Parameter driven model, Dynamic generalized linear model, Bayesian inference

1. Introduction

Time series of counts arise frequently in fields such as Finance, Economics, Hydrology,
Epidemiology among others. Modeling of this kind of data, typically, can be done within one
of two frameworks: the class of Observation Driven (OD) models and the class of Parameter
Driven (PD) models. Let Yt represent an observation from a time series in time t. An OD
model can be written as:

Email addresses: victorsch2@gmail.com (Victor Schmidt Comitti), thiagords@est.ufmg.br
(Thiago Rezende dos Santos), fndemarqui@gmail.com (Fabio Nogueira Demarqui)

1Corresponding author
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Yt = f(Dt−1, εt),

where Dt−1 denotes the history of the process up to the t− 1 observation and εt is a white
noise. For OD models the parameters are dynamic but their evolution is deterministic and
invariant over time given past information. Many models within the OD class rely on the
Generalized Linear Models (GLM) theory of Nelder and Wedderburn (1972) [1] to extend
the Box & Jenkins methods [2] to count data (Davis, Dunsmuir and Streett (2003 [3])).
Others are based on the binomial thinning operator such as the integer-valued autoregressive
(INAR) process introduced independently by McKenzie (1985) [4] and Al-Osh and Alzaid
(1987) [5]. Some of them deal with the problem of conditional heterocedasticity (Ferland et
al, 2006) [6] and inflation of zeros (Barreto-Souza, 2015) [7].

PD models have the following structure:

Yt = f(θt, νt)

θt = g(θt−1, ηt),

again, νt and ηt are white noise processes and θ represents a state vector that evolves
as a Markovian process. In a PD model the parameter evolution has an idiosyncratic error
component that makes them non predictable even with the full information of the underlying
process. PD models for counts belong to the wider class of state space models (SSM) (Durbin
and Koopman, 2012) [8] under the classical and Bayesian perspectives. The autocorrelation
and overdispersion of the observations are generally introduced into the modeling through
a hidden process. Zeger (1988) [9] proposes a log linear classical model for counts in
which a multiplicative stationary latent process εt captures the heterogeneity of the process.
Conditionally on εt the sequence of observations Yt has the same mean and variance but,
marginally, it is overdispersed. The idea of using a latent process to introduce overdispersion
and autocorrelation into a model has been further developed in several works like Brännäs
and Johansson (1994) [10], Campbell (1994) [11], Chan and Ledolter (1995) [12] and Davis,
Dunsmuir and Wang (2000) [13].

Harvey and Fernandes (1989) [14] introduce a PD model that assumes the counts to
be drawn from a Poisson distribution whose mean µt has a prior distribution Gamma.
Gamerman, Santos and Franco (2013) [15] propose yet another family of Non-Gaussian
State Space Models (NGSSM) with exact marginal likelihood in which the dynamic Poisson
model of Harvey & Fernandes is a particular case. Aktekin, Soyer and Xu (2013) [16] present
a Bayesian Poisson dynamic model to assess mortgage default risk in the NGSSM family.
After that, Aktekin, Polson, and Soyer (2018) [17] provide a Bayesian Poisson dynamic
model for modeling multivariate count data and its sequential procedure. A good review
about these models may be found in Soyer (2018) [18].

West, Harrison and Migon(1985) [19] use an approximated Bayesian approach to propose
a much more general class of non-Gaussian and non-linear models. This wider class, named
as Dynamic Generalized Linear Models (DGLM), extends the GLM formalism to time series
in a Bayesian framework. The inference of these models often require the use of linear
approximations since the analytical tractability of the updating steps can be easily lost.
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For a more complete overview of these methods the reader may refer to West and Harrison
(1997) [20] (chapter 13). Recent developments on the subject can be found in the works
of da Silva, Migon and Correia (2011) [21], da Silva and da Silva (2017) [22] and Souza,
Migon and Pereira (2018) [23].

In general, most of the proposed PD models for time series of counts assume a Poisson
distribution for the observations. This is a limiting choice since the Poisson distribution
is only adequate for modeling processes in which the mean and the variance are equal – a
requirement that will not be met for many real life data sets. In the presence of overdispersion
and/or inflation of zeros, alternative distributions such as the Bell or Poisson mixtures can
be viable options since they are not bound to the equidispersion assumption.

The main goal of this paper is to introduce new models for discrete response time series
under a Bayesian perspective. The methods presented here are related to the DGLM family
of West, Harrison and Migon, but are not restricted to the Exponential Family (EF). In what
follows, two lines of work are presented. In the first, we introduce a new general framework
for uniparametric Bayesian dynamic count models. The proposed estimation procedure for
these models includes the evolution and updating steps of the DGLM class but, since the use
of conjugate priors is not possible most of the times, the analytic tractability of the results
is lost. For this reason we incorporate Monte Carlo integration to the recursive inference
algorithm in order to deal with the updating steps when no closed-form expressions are
available for them. Under this new framework we are particularly interested in the following
overdispersed/zero-inflated distributions: Bell, Poisson Lindley, Yule Simon and Borel –
each of them has unique features that can make them more appealing than the Poisson in
some particular situations.

In the second line of work we introduce a novel biparametric Dynamic Bayesian Negative
Binomial Model (DBNBM) for modeling overdispersed time series. We consider that the
main contributions of our proposal to the literature are: i) The observation equation of the
DBNBM is parametrized in terms of the mean of the process (denoted by µt), in the same
way as in the Negative Binomial GLM, thus improving the interpretability of the model; ii)
a conjugate Beta Prime of the Second Kind prior distribution for µt is used, which allows
the model to retain analytic tractability throughout the inference cycle; iii) an efficient
scheme for estimating the static shape parameter of the model using Adaptative Rejection
Metropolis Sampling (ARMS) is introduced. As far as the authors are aware, this method
was not used in a similar context before.

This paper has the following structure: in Section 2 we present a general framework
for Bayesian dynamic models for uniparametric distributions; in Section 3 we introduce the
Dynamic Bayesian Negative Binomial Model; in Section 4 a simulation study is carried out;
in Section 5 we provide applications to real count time series and a comparison between the
models presented; Section 6 is left for the final remarks.

2. A General Framework for Dynamic Bayesian Uniparametric Models

The DGLM, introduced by West, Harrison and Migon (1985) [19], is a very general
class of dynamic linear models. Its basic structure is very similar to that of the GLM class.
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Generalized Linear Models apply to conditionally independent observations that belong
to the EF. The main idea behind those models is to link the mean of the observations
µt to a linear predictor of covariates using a suitable link function g(.). In the DGLM
theory the linear predictor is substituted by a space state model in order to incorporate the
autocorrelation structure of a time series.

Many uniparametric discrete data distributions are not in the EF. Even those that are,
like the Bell distribution, very often have conjugate prior distributions that are difficult to
work with. Bayesian inference for these distributions are not exact and calls for intensive
computational methods, like Monte Carlo Markov Chain (MCMC), in order to obtain a
sample from the posterior distribution of the parameters. In the context of the DGLM class
it is usually preferred, whenever possible, not to use intensive computational methods such
as the MCMC in order to preserve the sequential nature of the Bayesian inference and to
avoid lengthy computational times (see, for example, [21]). We propose here a general and
simple framework based on the DGLM class for dealing with Dynamic Bayesian models
when the observation equation is an uniparametric distribution. This setting preserves the
sequence of evolution and updating steps of the DGLM inference but does require Bayesian
conjugacy since the intractable integrals involved in the updating steps can be handled
via Monte Carlo Integration (MCI). It is also not necessary that the observation equation
belongs to the EF. Let yt, t = 1, 2, · · · , T be a time series of counts, the proposed approach
has the following basic structure:

• Observation equation:

Any uniparametric count distribution with probability function p(yt | µt) where E[yt |
µt] = µt and µt > 0.

• Prior:

Since the parameter µt is strictly positive any distribution with support in the interval
(0,∞) may be appropriate. The Gamma distribution arises as natural choice due to its
flexibility and ease in the elicitation of its moments.

• Link Function:

There are several possible link functions. For the rest of this section we will assume a
logarithmic one. The log-link is very suitable since it maps the strictly positive mean µt
to the real line. It also provides closed-form expressions for some of the quantities that
will be needed in the updating steps of the model. Thus, we can define:

g(µt) = log(µt) = F′tθt (1)

• Evolution equation:

θt = Gtθt−1 + ωt, ωt ∼ (0,Wt). (2)
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• Initial Information:

(θ0 | D0) ∼ (m0,C0). (3)

In equations (1) and (2), θt represents a d × 1 state vector, Gt is a d × d evolution
matrix and Ft is a d × 1 design vector. The link function g(.) is continuous, monotonic
and strictly positive. The vector ωt denotes a sequence of independent and non correlated
errors partially specified in terms of its first two moments with variance Wt. Equation (3)
provides the initial distribution for the hidden states and completes the specification of the
model. Similarly to ωt, the distribution of θ0 conditional on the initial set of information
D0 is specified only by its first two moments m0 and C0.

The inference cycle follows the steps of evolution and updating presented in DGLM,
West and Harrison (1997) [20]. Applying the evolution equation we obtain the priors for the
state vector θt and the linear predictor λt. That is,

(θt | Dt−1) ∼ (at,Rt),

where at = Gtmt−1, Rt = GtCt−1G
′
t + Wt and (λt | Dt−1) ∼ (ft, qt). Observe that, if

Wt = 0, then VAR[θt | Dt−1] = GtCt−1G
′
t; that is: the model conveys no loss of information

in the passage from t− 1 to t. On the other hand, if Wt >> GtCt−1G
′
t, the stochastic error

dominates the evolution implying big loss of information in the state transition. One can
interpret the values of the matrix Wt as a measure of information loss in the passage from
one state to the next. West & Harrison (1997) [20] suggest to think of Wt as fraction of
GtCt−1G

′
t. Under this assumption, we can write Wt = 1−δ

δ
GtCt−1G

′
t, where δ ∈ (0, 1] is

called the discount factor.
The hyperparameters αt and βt of the prior distribution can be elicited by matching the

moments of the linear predictor with ft and qt as described in the DGLM Poisson example
in West and Harrison (1997) [20]. If the prior is a Gamma distribution, we have αt = 1

qt
and

βt = exp(−ft)
qt

. Using the first order approximations of the digamma and trigamma functions

and with some algebra it is a simple exercise to show that αt = exp(−ft)+1
qt

and βt = exp(ft)+1
qt

.

The predictive distribution p(yt|Dt−1) can be obtained marginally from the joint distri-
bution p(yt, µt | Dt−1) = p(yt | µt, Dt−1)p(µt | Dt−1). That is:

p(yt | Dt−1) =

∫ ∞
0

p(yt | µt, Dt−1)p(µt | Dt−1)dµt. (4)

Now, we can write p(yt | µt, Dt−1) as product of two functions: the first entirely dependent
on the observation yt and the other dependent on yt and µt, therefore:

p(yt | µt, Dt−1) = Z(yt)f(µt, yt)
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Then, rewriting (4) we have:

p(yt | Dt−1) = Z(yt)

∫ ∞
0

f(µt, yt)p(µt | Dt−1)dµt

= Z(yt)E[f(µt)] (5)

Since yt is a known quantity we are left with the problem of evaluating the expected
value of a function f(µt). In most cases, there is no closed form solution to E[f(µt)]. A
simple approach to handle the problem is to draw samples from the prior p(µt | Dt−1) and
approximate Expression (5) using MCI. The posterior distribution for the dynamic mean µt
can be found by direct application of the Bayes’ theorem and is given by:

p(µt | Dt) =
p(yt | µt)p(µt | Dt−1)

p(yt | Dt−1)
.

Following the DGLM approach, the posterior moments of the linear predictor λt can be
calculated from the pair: f ∗t = E[g(µt)|Dt)], q

∗
t = VAR[g(µt)|Dt)]. Since g(µt) = log(µt), we

are interested in the following quantities:

E[(g(µt)
n|Dt] =

∫ ∞
0

g(µt)
np(µt | Dt)dµt

=
Z(yt)

p(yt | Dt−1)

∫ ∞
0

g(µt)
nf(µt)p(µt | Dt−1)dµt

=
Z(yt)

p(yt | Dt−1)

∫ ∞
0

h(µt)p(µt | Dt−1)dµt,

(6)

where n = 1, 2, · · · and h(µt) = [g(µt)]
nf(µt). As before, it is possible to approximate (6) via

MCI. As suggested by West and Harrison (1997) [20], updating of the partially specified state
vector θt can be accomplished via Linear Bayes Estimation (LBE). The posterior (θt | Dt)
is also specified in terms of the first two moments mt and Ct with:

mt = at +
1

qt
RtFt(f

∗
t − ft), (7)

Ct = Rt −
1

qt

[
RtFtFt

′Rt

(
1− q∗t

qt

)]
. (8)

The table below shows the expressions of Z(yt) and f(µt) for the particular uniparametric
distributions described on this section.
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Table 1: f(·) and Z(·) functions of the one-step-ahead predicted distribution for the observations according
to each distribution.

Distribution Z(yt) f(µt)

Bell
Byt
yt!

exp(1− eW0(µt))W0(µt)
yt

Borel shifted 1
(yt+1)! exp

(
µt
µt+1(yt + 1)

)(
µt

1+µt
(yt + 1)

)yt
Poisson-Lindley 1

(√
µ2t+6µt+1−µt+1

2µt

)2
(√µ2t+6µt+1−µt+1

2µt

)
+yt+2


(√µ2t+6µt+1−µt+1

2µt

)
+1

yt+3

Yule-Simon shifted 1 µt+1
µt

B
(
yt + 1, 2µt+1

µt

)
2.1. Particular uniparametric cases

2.1.1. Bell distribution

Castellares et al. (2018) [24] introduce the Bell distribution and an associated regression
model. The Bell probability function for θ > 0 is given by

p(yt | θt) =
Byt

yt!
θytt exp(− exp(θt) + 1), yt = 0, 1, 2, · · · , (9)

where Byt are the Bell number defined as Bn = 1
e

∑∞
k=0

kn

k!
. Notice that equation (9) belongs

to the EF with ηt = log(θt), τt = 1, c(yt) =
Byt
yt!

and a(ηt) = exp(exp(ηt)) = exp(θt). Using
properties of the Exponential Family it is easy to prove that:

E[Yt | θt] = θte
θt ,

VAR[Yt | θt] = (1 + θt)θte
θt .

Since θt is strictly positive, then VAR[Yt | θt] > E[Yt | θt], that is, Bell is an uniparametric
naturally overdispersed distribution. The conjugate prior of the Bell can be found according
to the properties of the EF but the normalizing constant of the resulting distribution does
not have a closed-form making it hard to work with.

On the context of regression models, usually the interest lies on the mean µt of the
process. So, letting µt = θte

θt it is possible to rewrite (9) as :

p(yt | µt) =
Byt

yt!
exp(1− eW0(µt))W0(µt)

yt , yt = 0, 1, 2, · · · , T.

where W0(.) represents the Lambert function. In this new parametrization we have that
E[yt | µt] = µt and VAR[yt | µt] = µt(1 +W0(µt)).
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2.1.2. Borel Shifted distribution

The Borel uniparametric distribution for a discrete random variable Xt was proposed by
Borel(1942) [25] in the context of branching process and queuing theory. A Borel random

variable is distributed according to p(xt | λt) = exp(−λtxt)(λtxt)xt−1

xt!
, for xt = 1, 2, 3, · · · , T. As

we are interested in stochastic processes that can take zero values, we assume that Yt = Xt−1
and λt = µt

(1+µt)
. It is easy to prove that the distribution for Yt is a Borel shifted and its

probability density function can be expressed as:

p(yt | µt) =
exp

(
µt
µt+1

(yt + 1)
)(

µt
1+µt

(yt + 1)
)yt

(yt + 1)!
, yt = 0, 1, 2, 3, . . . , T. (10)

where µt > 0 represents the mean and µt
(1+µt)2

the variance of Yt. Since VAR[Yt|µt]
E|Yt|µt] = (1+µt)

2 >

1 the Borel distribution is also overdispersed. Equation (10) is similar to the Modified Borel
Tanner distribution proposed by Gómez-Déniz et al. (2017) [26].

It is also possible to show that the Borel distribution is zero inflated, that is: the propor-
tion of zeros drawn from a Borel is larger than the same proportion drawn from a Poisson
distribution. To demonstrate that, one can use the zero-inflated index (ZII) (zi = 1 + log(p0)

µt
,

where p0 is the probability of getting a zero value) proposed by Puig and Valero (2006) [27].
Direct application of the Index formula to the Borel distributions yields

zi = 1 +
1

1 + µt
> 2

Any zi > 0 indicates a distribution that produces more zeros than the Poisson. The Borel
distribution has a ZII at least greater than two which is a distinctive feature among count
data distributions and makes it a candidate for modelling datasets with high frequency of
zeros.

2.1.3. Poisson-Lindley distribution

Another way to introduce overdispersion into a model is by using mixture Poisson dis-
tributions as the observation equation. These distributions arise when we allow the rate
parameter µt of the Poisson to be a random variable following a distribution G(µt | θ). If
G(µt | θ) is a Lindley distribution, the resulting mixture is the Poisson-Lindley (PLD) first
presented by Sankaran (1970) [28]. Its probability function, for θt > 0, is given by:

p(yt | θt) =
θ2
t (θt + yt + 2)

(θt + 1)yt+3
, yt = 0, 1, 2, . . . ; θt > 0, (11)

with mean and variance, respectively,

E[Yt | θt] =
θt + 2

θt(θt + 1)
= µt, (12)

VAR[Yt | θt] =
θ3
t + 4θ2

t + 6θt + 2

θ2
t (θt + 1)

.
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To verify that (11) is overdispersed notice that:

VAR[Yt | θt]
E[Yt | θt]

=
θ3
t + 4θ2

t + 6θt + 2

θt(θt + 2)
. (13)

It is easy to see that, since θt is positive, the numerator in (13) is always greater than
the denominator, thus making the Poisson Lindley distribution overdispersed. In fact, it
is a simple calculus exercise to show that the equation (13) has a global minimum of,
approximately, 4.33.

To parametrize the PLD in terms of the mean µt we solve (12) for θt to obtain θt =√
µ2t+6µt+1−µt+1

2µt
. Then:

p(yt|µt) =

(√
µ2t+6µt+1−µt+1

2µt

)2
((√

µ2t+6µt+1−µt+1

2µt

)
+ yt + 2

)
((√

µ2t+6µt+1−µt+1

2µt

)
+ 1

)yt+3 , yt = 0, 1, 2, · · · ; µt > 0, (14)

with E[Yt|µt] = µt.

2.1.4. Yule-Simon shifted

Yule-Simon distribution (YSD) belongs to the broader class of Power Law distributions
(see [29]). It is also, like the Poisson-Lindley, a mixture distribution. Suppose υ is a random
variable following an exponential distribution of rate ρt, then a random variable Ut following
a Geometric(eυ) is Yule-Simon distributed with probability function:

p(Ut | ρt) = ρtB(Ut, ρt + 1), Xt = 1, 2, 3, · · · , T, ρt > 0, (15)

where B(.) represents the Beta function. Now, defining Yt = Ut − 1 we can shift (15) to
obtain a modified YSD with support in the positive integers including zero, that is:

p(yt | ρt) = ρtB(yt + 1, ρt + 1), Xt = 0, 1, 2, 3, · · · , ρt > 0. (16)

The first two central moments of (16) are given by:

E[Yt | ρt] =
1

ρt − 1
, ρt > 1

VAR[Yt | ρt] =
ρ2
t

(ρt − 1)2(ρt − 2)
, ρt > 2.

The ration between variance and mean can be easily calculated as:

VAR[Yt | ρt]
E[Yt | ρt]

=
ρ2
t

(ρt − 1)(ρt − 2)
, ρt > 2.
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Note that, for ρt > 2, the above expression is always positive and decreases monotonically.
Using L’Hopital theorem it is easy to demonstrate that limρt→∞

VAR[Yt|ρt]
E[Yt|ρt] = 1. Therefore, the

Yule-Simon Shifted distribution is overdispersed. Direct application of the ZII also shows
inflation of zeros. Reparametrizing (16) in terms of µt = 1

ρt−1
gives us:

p(yt | µt) =
µt + 1

µt
B

(
yt + 1,

2µt + 1

µt

)
,

where, naturally, E[Yt|µt] = µt.

3. A Biparametric Dynamic Bayesian Negative Binomial Model

In this section we present an approach for a Dynamic Bayesian Negative Binomial Model
(DBNBM). The observation equation of this model is parametrized as in the Negative Bi-
nomial regression model from GLM and a prior conjugate distribution is assigned for the
mean µt of the process. Let yt, t = 1, 2, · · · , T be a time series of counts, the DBNBM is
fully defined by the following equations:

• Observation equation:

p(yt | µt, κ) =
Γ
(
yt + k−1

)
Γ(yt + 1)Γ(κ−1)

(κµt)
yt

(1 + κµt)yt+κ
−1 . (17)

The Negative Binomial distribution has two parameters: the dynamic mean µt and a
static parameter κ > 0 associated with the variance of the process. If the parameter κ is

known, Equation (17) belongs to the Exponential family with φt = 1, ηt = log
(

κ
1+κµt

)
,

c(yt, φt) =
Γ(yt+κ−1)

Γ(yt+1)Γ(κ−1)
. We can prove that E[yt|µt] = µt and VAR = µt + κµt. Observe

that the geometric distribution is a particular case of the Negative Binomial when κ = 1;

• Prior for µt:

p(µt|κ, αt, βtDt−1) =
καt

B(αt, βt)

µαt−1
t

(1 + κµt)αt+βt
. (18)

Equation (18) is a particular case of the Generalized Beta of the second kind (GB2K)
distribution. The GB2K was chosen over, for example, a Gamma distribution, because it
is the conjugate prior of the Negative Binomial distribution parametrized as in (17);

• Link Function:

g(µt) = log(µt) = Ft
′θt; (19)
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• Prior for κ:

p(κ | Dt−1) =
sr

Γ(r)
κr−1exp(−sκ),∀ t (20)

where r, s > 0. The Gamma distribution is very flexible and this is the main reason why
it was chosen as a prior for κ.

• Equations (2) and (3) complete the specification of the model.

3.1. Inference

The inference cycle for the DBNBM follows the same scheme of evolution and updating
shown in the previous section for the uniparametric models. The prior distributions for the
state vector θt and the linear predictor λt can be derived by direct application of the system
equation as already described. To evaluate the hyperparameters αt and βt in terms of ft
and qt observe that:

ft = E[log(µt) | κ, αt, βtDt−1] = ψ(αt)− ψ(βt)− log(κ), (21)

qt = VAR[log(µt) | αt, βt, κ,Dt−1] = ψ′(αt) + ψ′(βt). (22)

The proof of the expressions above is presented in the Appendix A. Again, using first
order approximations for the Digamma and Trigamma functions we can solve (21) and (22)
for αt and βt to obtain:

αt ≈
1 + κexp(ft)

qt
,

βt ≈
exp(−ft) + κ

qtκ
.

The predictive can be obtained marginally, as before, from the joint distribution p(yt, µt, κ |
Dt−1) = p(yt | µt, κ,Dt−1)p(µ | κ,Dt−1)p(κ | Dt−1) following the steps below:

p(yt | Dt−1) =

∫ ∞
0

∫ ∞
0

p(yt | µt, κ,Dt−1)p(µt | κ,Dt−1)p(κ | Dt−1)dµtdκ

=

∫ ∞
0

1

B(αt, βt)

Γ
(
yt + k−1

)
Γ(yt + 1)Γ(κ−1)

B(αt + yt, βt + κ−1)
sr

Γ(r)
κr−1exp(−sκ)dκ

(23)

Now, observe that, even though (23) is correct, it may not be a convenient expression from
a computational point of view. This is because in most software there is a superior limit
for the Gamma function. In R, for instance, this limit is 171 so that any observation with
value equal or larger than this threshold would cause a numerical error in the estimation
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algorithm. To overcome this problem we chose to work with the Beta function instead of
the Gamma. So, we rewrite the gamma function from (23) in terms of the Beta function

defined as: B(a, b) = Γ(a)Γ(b)
Γ(a+b)

for a, b ∈ R+ and use the recurrence relation B(yt, κ
−1) =

B(yt + 1, κ−1)yt+κ
−1

yt
. So, plugging this expressions into (23) we obtain

p(yt | Dt−1) =

∫ ∞
0

1

B(αt, βt)

1

yt + κ−1

B(αt + yt, βt + κ−1)

B(yt + 1, κ−1)

sr

Γ(r)
κr−1 exp(−sκ)dκ

Integral (3.1) does not have an analytic solution. Da Silva and Migon (2011) [21] use
numerical integration to handle a similar problem when working on a Dynamic Bayesian
Beta Model. We found, however, that this approach is very prone to numerical errors when
we are dealing with count data. Since it is very easy to sample from a Gamma distribution
with parameters r and s, we chose, instead, to approximate equation (3.1) using MCI, like
in section 2. MCI, in this situation, can work as an efficient tool at a lower computational
cost in relation to MCMC methods.

The one-step ahead forest ŷt = E[yt | Dt−1, κ] can be obtained by direct application of
the law of total expectations according to the following sequence of steps:

E[yt | Dt−1] = E[E[E[yt | µt, κ]] | Dt−1]

= E[E[µt | κ] | Dt−1]

= E
[

αt(κ)

κ(βt(κ)− 1)
| Dt−1

]
. (24)

Since the hyperparameters αt and βt are both functions of κ, there is no exact solution
to Equation (24), although we can approximate the expression by means of the usual Monte
Carlo methods.

Given a new observation yt, we can update the dynamic parameter µt using the Bayes’
Theorem.

p(µt, κ | Dt) =
p(yt | µt, κ,Dt−1)p(µt | κ,Dt−1)p(κ | Dt−1)

p(yt | Dt−1)
.

Then, integrating κ out

p(µt|Dt) =

∫∞
0
p(yt | µt, κ,Dt−1)p(µt | κ,Dt−1)p(κ | Dt−1)dκ

p(yt | Dt−1)

=
1

p(yt | Dt−1)B(αt, βt)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+ytµαt+yt−1
t

(1 + κµt)yt+κ
−1+αt+βt

srκr−1exp(−sκ)

Γ(r)
dκ

(25)

Based on Equation (25) the n-th moment of the linear predictor can be found from:

E[log(µnt | Dt)] =

∫ ∞
0

logn(µt)p(µt | Dt)dµt.
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Then, for n = 1 and n = 2 we have, respectively:

E[log(µt) | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

1

yt + κ−1

1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

×
[
ψ(αt + yt)− ψ(βt + κ−1)− log(κ)

] sr

Γ(r)
κr−1exp(−sκ)dκ, (26)

E[log2(µt) | Dt] =
1

p(yt | Dt−1)

∫ ∞
0

1

yt + κ−1

1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

×
[
(ψ(αt + yt)− ψ(βt + κ−1)− log(κ))2 + ψ′(αt + yt) + ψ

′
(βt + κ−1)

]
× sr

Γ(r)
κr−1exp(−sκ)dκ. (27)

The proof of results (26) and (27) is displayed in Appendix B. Notice that both equations
can be decomposed into a function of κ times the kernel of a Gamma distribution. Thus,
it is easy to approximate the integrals via MCI techniques. Therefore, using the results
above, f ∗t = E(λt | Dt) = E[log(µt) | Dt) and q∗t = VAR(λt | Dt) = E[log2(µt) | Dt] − f ∗

2

t .
As usual, we can employ equations (7) and (8) to update the state vector via Linear Bayes
Estimation. Finally, the posterior distribution for the static parameter κ considering the
whole information set DT is given by:

p(κ|DT ) =

[∏T
t=1 p(yt | Dt−1, κ)

]
p(κ | Dt−1)∫∞

0

[∏T
t=1 p(yt | Dt−1, κ)

]
p(κ | Dt−1)dκ

, (28)

where p(yt | Dt−1, κ) =
∫∞

0
p(yt | µt, Dt−1)p(µt | Dt−1)dµt = 1

B(αt,βt)
1

yt+κ−1

B(αt+yt,βt+κ−1)
B(yt+1,κ−1)

.
Under quadratic loss the optimal predictor for κ is the posterior expected value, that is:

κ̂ = E[κ | DT ] =
∫∞

0
κp(κ | DT )dκ. Direct integration is not possible, tough, because there

is no closed-form solution for the marginal posterior distribution above. In this work we
chose to sample from the posterior distribution using the Adaptative Rejection Metropolis
Sampling (ARMS) technique proposed by Gilks and Best (1995) [30]. The ARMS algorithm
is a powerful and computationally efficient method to sample from uniparametric distribu-
tions. The samples obtained can be used straightforwardly for the computation of point
estimates and credible intervals for the parameter κ.

3.2. Simulation Experiment

To evaluate Bayesian estimator for κ we carried out a Monte Carlo experiment. Four
scenarios were designed with true parameter values κ = 0.3, κ = 0.5, κ = 0.8 and κ = 1. For
each of these scenarios L = 1000 Monte Carlo replication of size n = 50, n = 100, n = 200
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and n = 300 were generated from a Negative Binomial Local Level Model (LLM) with static
variance W = 0.02.

The ARMS algorithm was implemented using the function of the same name contained
in the ’dlm’ package from R [31]. The application of the algorithm requires a bounded
convex set for the target density. This is not the case here since equation (28) has support
on R+. In these situations, the authors of the package suggest to restrict the support to a
bounded set of probability close to one. In all scenarios studied in this work the true value
of the parameter κ does not exceed one, so we chose to restrict the support for the target
density in the interval [0, 5]. For the Bayesian inference chains of size 2000 were generated
from which the first 1000 samples were discarded. Preliminary tests using diagnostic tools
available on the ’coda’ package [32] from R showed that a burn in of 1000 is enough to
obtain stationary chains. We also could not detect any signs of auto-correlation in the
chains, thus there was no need to use a lag. The prior distribution for κ was assumed to be
a Ga(1, 1). The reason for this choice is that we opted to give more weight to smaller values
of κ since values much larger than one would imply a very overdispersed and non-realistic
dataset. Two Bayesian Estimators were considered: the posterior median (BE-Median) and
the posterior mean (BE-mean). We observed superior performance for the latter estimator
and for this reason only Be-mean will be reported along with a 95% credible interval (CI)
and an empirical coverage probability (CP).

The Bayesian Estimator for κ was evaluated according to its relative bias (RB) and Root
of the Mean Squared Error (RMSE). A summary of the Monte Carlo study is presented on
table (2). The BE-mean column reports the sample average of the 1000 estimates obtained

for κ along with the mean RB defined, in percentage, as: RB =
∑L

i=1
100(κ̂i−κ)
|κ| , where κ̂i

denotes the estimate for κ obtained in the i-th Monte Carlo sample. The CI column indicates
the 95% credibility interval associated with the point estimate and also the corresponding

coverage probability (CP). In the last column the RMSE, defined as RMSE =

√∑L
i=1(κ̂i−κ)2

L

is presented.
The results show that the Bayesian estimator seems to be heavily influenced by the prior

distribution chosen for the parameter. As expected, larger biases are observed for small
values of true κ since the probability mass of the prior is concentrated around one. It is
noteworthy, however, that as the sample size increases, the biases get progressive smaller,
suggesting good behaviour of the Bayesian estimator for large data sets even when the
prior distribution for the static parameter is distant from the target. When we have true
κ = 0.8 or κ = 1.0, the biases are smaller than 5% regardless of samples size indicating
that, if the choice of the prior distribution is close enough to the real value of the parameter,
the Bayesian Estimator is well behaved even for small samples. As expected, the variance
decreases for larger samples, as can be observed by the credible intervals. The coverage
probabilities are all very close to the fixed nominal level of 95%, further confirming the good
performance of the Bayesian estimator.
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True parameter Size
BE Mean
(RB%)

CI
(CP)

RMSE

κ = 0.3

50
0.373

(24.196)
[0.074, 1.112]

(0.968)
0.288

100
0.346

(15.185)
[0.102, 0.890 ]

(0.952)
0.245

200
0.326

(8.709)
[0.128, 0.732]

(0.928)
0.206

300
0.310

(3.377)
[0.134, 0.657]

(0.928)
0.191

κ = 0.5

50
0.555

(10.912)
[0.16, 1.432]

(0.957)
0.228

100
0.521

(4.178)
[0.218, 1.117]

(0.949)
0.235

200
0.523

(4.530)
[0.258, 0.989]

(0.946)
0.220

300
0.519

(3.828)
[0.278, 0.945]

(0.959)
0.212

κ = 0.8

50
0.828

(3.527)
[0.311, 1.868]

(0.96)
0.337

100
0.821

(2.652)
[0.393, 1.585]

(0.958)
0.292

200
0.822

(2.698)
[0.458, 1.434]

(0.941)
0.257

300
0.833

(4.146)
[0.493, 1.386]

(0.945)
0.245

κ = 1.0

50
0.994

(-0.646)
[0.409, 2.112]

(0.969)
0.379

100
1.017

(1.696)
[0.525, 1.870]

(0.954)
0.337

200
1.022

(2.162)
[0.612, 1.666]

(0.943)
0.281

300
1.013

(1.267)
[0.639, 1.598]

(0.937)
0.266

Table 2: Summary of the Monte Carlo study
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4. Real Data Application

In this Section, we present two applications of the models developed in this work to real
count time series. The data sets were chosen because of their idiosyncratic features: they
both display overdispersion and inflation of zeros. The objective here is to show scenarios
where the traditional Poisson DGLM may not be the most appropriate modeling choice.
To compare between different models we are going to use the following metrics: the Bayes
Factor and the Bayesian Information Criterion (BIC) to evaluate in sample performance
and the one-step-ahead prediction accuracy to evaluate out of sample performance. In both
applications, the MCI steps were carried out with samples of size 5000. Specifically for the
DBNBM, the estimation of the static shape parameter was performed via ARMS as already
shown in the previous section. A Gamma(1,1) prior was chosen for κ and single chains of
sizes 5000 with a burn-in of 1.000 were generated from the posterior distribution (28). Point
and interval estimates were calculated straightforwardly from these chains.

4.1. Skin Lesions Data

The skin lesions time series consists of the total number of skin lesions on bovines reported
monthly to animal health laboratories in New Zealand from January 2003 until December
2009. This data set was first analyzed by Jazi et al (2011) [33] in the context of zero-inflated
count data models. Figure (1) shows the behaviour of the time series. The time series plot
shows no discernible trend or seasonality components; therefore, a LLM seems to be a good
choice for modeling the data. The sample mean and variance of the data are, respectively,
1.4286 and 3.3563. Since the variance is more than twice as big as the mean, there is evidence
that the skin lesion time series is overdispersed.

We fitted the uniparametric models of Section 2 and the DBNBM to the skin lesions
data set. According to the dynamic models literature, values for the discount factor δ,
typically, range from 0.8 to 1 (see West & Harrison, 1997 [20]) since, in structural models,
the information loss is expected to increase smoothly from one state to the next. Observe
that small values for δ would cause the stochastic term to dominate the system equation
meaning that there is almost no flow of information between the states. For this reason we
used δ = {0.80, 0.85, 0.90, 0.95, 0.99} in all the following analysis. Table 3, below, compares
all the fitted models in terms of in-sample and out-of-sample performance:

Values in bold indicate the model with best performance according to each of the metrics
evaluated. Looking at the table, we notice that the Poisson DGLM is superior to its unipara-
metric competitors in forecast accuracy when we consider the MSE as the main criterion of
comparison. According to the MAE criterion, however, the forecasting accuracy of the Pois-
son DGLM is very similar to that of the Bell and Poisson-Lindley dynamic models. As for
the in-sample performance, the BIC values suggest that, in this example, the Bell Dynamic
Model specified with high discount factors is superior to the other uniparametric models.
The Bayes factor also shows strong evidence in favor of the Bell and Poisson-Lindley models
against the usual Poisson DGLM for δ = 0.99 and δ = 0.95. Compared to the other models,
the Yule-Simon shifted and Borel shifted dynamic models have worse in sample performance
according to the BIC, but similar out-of-sample performance when we consider the MAE.
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Model δ
Estimated κ
(95% CI)

MSE MAE BIC BF

Poisson

0.99 - 3.763 1.333 343.580 1
0.95 - 3.750 1.345 340.591 1
0.90 - 3.715 1.346 337.693 1
0.85 - 3.697 1.341 342.266 1
0.80 - 3.822 1.359 412.868 1

Borel

0.99 - 4.333 1.379 351.533 0.0187
0.95 - 4.306 1.378 354.963 8.00e-04
0.90 - 4.287 1.372 368.220 2.35e-07
0.85 - 4.306 1.364 413.794 2.94e-16
0.80 - 4.479 1.373 620.345 8.85e-46

Bell

0.99 - 3.977 1.349 326.679 4.68e+03
0.95 - 3.969 1.354 329.002 3.29e+02
0.90 - 3.916 1.345 333.868 6.771e+00
0.85 - 3.919 1.340 359.881 1.00e-04
0.80 - 3.989 1.332 462.387 1.77e-11

Poisson-Lindley

0.99 - 4.054 1.353 328.018 2.39e+03
0.95 - 4.033 1.353 330.469 1.58e+02
0.90 - 3.979 1.347 334.233 5.64e+00
0.85 - 3.961 1.335 361.075 8.24e-05
0.80 - 4.096 1.331 501.690 5.16e-20

Yule-Simon

0.99 - 4.048 1.332 334.845 78.825
0.95 - 4.183 1.349 345.285 0.096
0.90 - 4.264 1.356 357.057 6.24e-05
0.85 - 4.300 1.354 366.244 6.21e-06
0.80 - 4.286 1.341 373.307 3.896e+08

Negative Binomial

0.99
0.9701

(0.455, 1.694)
3.488 1.394 290 7.655e+11

0.95
0.9119

(0.3975, 1.6313)
3.502 1.407 290.3 4.015e+12

0.90
0.8277

(0.3066, 1.5685)
3.544 1.43 290.9 1.302e+11

0.85
0.7211

(0.2006, 1.4601)
3.633 1.474 291.5 9.467e+11

0.80
0.5821

(0.08824, 1.3326)
3.777 1.53 292.4 1.291e+27

Table 3: Performance summary of the proposed models applied to the skin Lesions data.
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Table (3) also reports the results obtained using the DBNBM. Point estimates for κ are
displayed along with a 95% credibility Interval. In a GLM context it is a well known fact that
the presence of a dispersion parameter adds flexibility to the Negative Binomial Regression
Model with respect to its Poisson counterpart. The same effect can be observed here: the
DBNBM has a better in-sample performance compared to the Poisson DGLM according
to the BIC and BF criteria and better out-of-sample performance according to the MSE.
Comparison with the other dynamic uniparametric models also favors the DBNBMaccording
to all criteria evaluated.

Figure 1 provides the one-step-ahead prediction for the skin lesions data set using the
DBNBM. The gray shaded area represents the 95% percentile forecast credibility interval.
For this illustration we used δ = 0.95.
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Figure 1: DBNBM: One-step-ahead prediction for the skin lesions data set. Solid line: predictions from the
NBDM using δ = 0.95; Gray Area: approximate 95% credibility interval.

4.2. Syphilis Data

The Syphilis Data data set consists of the weekly number of Syphilis cases reported in
Porto Rico from 2007 until 2010, totaling 209 observations. This data is available from
the ZIM package in R [34] and its primary source is the Center of Disease Control of the
United States (CDC). Figure (2) shows the time series plot. Likewise the skin lesions data
set, there is no visual evidences of trend or seasonality. The sample mean and variance are
2.632 and 9.772, respectively, indicating the presence of overdispersion. An inspection of the
histogram reveals a very high frequency of zeros suggesting that zero-inflated models, such

18



as the Borel shifted or Yule-Simon shifted, could be adequate to model the data. As before,
we fitted the uniparametric dynamic models and the DBNBM to the Syphilis time series
using discount factors ranging from 0.99 to 0.80. In all cases a LLM was used. A summary
of the results obtained is displayed on Table (4). Again, values in bold emphasize the model
with the best performance in that particular criterion.

Model δ
Estimated κ
(95% CI)

MSE MAE BIC BF

Poisson

0.99 - 10.31 2.467 1235.195 1
0.95 - 10.42 2.499 1222.145 1
0.90 - 10.69 2.532 1214.512 1
0.85 - 11.00 2.567 1208.582 1
0.80 - 11.34 2.607 1204.152 1

Borel

0.99 - 12.85 2.455 1024.745 4.995e+45
0.95 - 12.80 2.457 1027.090 2.269e+42
0.90 - 12.83 2.466 1036.586 4.328e+38
0.85 - 12.86 2.476 1048.949 4.612e+34
0.80 - 12.95 2.485 1071.177 7.504e+28

Bell

0.99 - 10.87 2.439 1016.298 3.411e+47
0.95 - 10.89 2.460 1009.269 1.681e+46
0.90 - 11.10 2.482 1011.627 1.137e+44
0.85 - 11.36 2.511 1017.533 3.061e+41
0.80 - 11.64 2.535 1027.079 2.824e+38

Poisson-Lindley

0.99 - 11.25 2.436 988.090 4.552e+53
0.95 - 11.25 2.448 984.8453 3.38e+51
0.90 - 11.38 2.470 987.3465 2.13e+49
0.85 - 11.58 2.485 997.654 6.346e+45
0.80 - 11.85 2.506 1013.0343 3.168e+41

Yule-Simon

0.99 - 12.02 2.449 1035.641 2.151e+43
0.95 - 13.05 2.472 1075.841 5.883e+31
0.90 - 13.35 2.490 1101.480 3.503e+24
0.85 - 13.49 2.498 1121.530 8.004e+18
0.80 - 13.62 2.506 1144.144 1.073e+13

Negative Binomial

0.99
1.58

(1.165, 2.082)
10.03 2.574 927.2 1.045e+68

0.95
1.603

(1.175, 2.118)
10.40 2.653 930.3 3.478e+64

0.90
1.63

(1.181, 2.165)
10.93 2.742 935.2 6.746e+61

0.85
1.651

(1.185, 2.222)
11.66 2.855 940.3 2.511e+59

0.80
1.661

(1.177, 2.256)
12.77 3.007 945.9 1.700e+57

Table 4: Performance summary of the proposed models applied to the Syphilis data.

Considering the majority of the metrics used, the Poisson DGLM is outperformed by
all other models fitted to the data. The Bayes Factor, specially, shows strong evidence in
favor of the alternative uniparametric dynamic models. By the MAE and BIC criteria, the
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Poisson-Lindley Model with δ = 0.99 is the uniparametric model that best fits the Syphilis
time series. Results for the DBNBM also highlight a better overall performance over the
Poisson DGLM. From table (4), it is also noteworthy that the point estimates for κ are
larger than 1.6 for all values of discount factor used, thus indicating that this specific data
set is highly overdispersed which explains the superiority of the other models. Figure 2
shows the one-step-ahead prediction along with 95% credibility intervals for the the syphilis
time series with δ = 0.99.
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Figure 2: One-step-ahead prediction for the syphilis data set. Solid line: predictions from the DBNBM
using δ = 0.99; Gray Area: approximate 95% credibility interval.

5. Discussion and Final Remarks

Time series of count data can often exhibit characteristics such as overdispersion or
inflation of zeros. In these situations, dynamic models based on the Poisson distribution
may not be appropriate because they require the mean and the variance of the data to be
equal. In this chapter we presented several alternatives to the Poisson DGLM for dealing
with single time series of counts based on distributions that can more adequately capture
these aspects in a data set. The main contributions of this work are the development of: 1)
a general method of inference for Bayesian Dynamic Models that is suited for uniparametric
distributions; 2) the introduction of a framework for a Dynamic Bayesian Negative Binomial
Model. The inference procedures of the models presented here follows a Bayesian structure
that resembles the DGLM framework, but is not restricted to distributions within the EF.
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To keep the sequential nature of the Bayesian inference, some approximations such as Linear
Bayes Estimation and Monte Carlo Integration, were used whenever the exact results were
not available.

An important aspect concerning the DBNBM is the estimation of the static shape pa-
rameter κ. In the context of DGLM, it is well known that the estimation of the shape
parameter when the observation equation is biparametric usually presents complications.
Here, we present a Bayesian approach for the estimation of this parameter. In our proposal,
κ is considered an unknown quantity following a Gamma prior distribution and the estima-
tion is carried out via Adaptative Rejection Metropolis Sampling. An extensive simulation
study was conducted and showed that the performance of the estimator is good for large
samples even that the results are sensitive to the prior specification. The proposed models
were also applied to two real data sets and compared to the Poisson DGLM in both in-sample
and out-of-sample performance. Results showed clear superiority of the DBNBM over the
Poisson Model in both examples. The uniparametric models, on the other hand, provided a
competitive performance in the first data set and outperformed the DGLM Poisson in the
second one.

Overall, the class of Bayesian dynamic models is very flexible since its structure allow for
trend and seasonality components and intervention analysis. Covariates can also be included
in the model by means of the Ft design matrix in the observation equation. The methods
presented here are very general and can be extended, with a few modifications, to positive
asymmetric data. A procedure similar to the one described for the DBNBM could be easily
applied to the Gamma and Weibull distributions for example.
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Appendix A. Proof of results (21) and (22)

Result (21) :

E[log(µt) | κ,Dt−1] = ψ(αt)− ψ(βt)− log(κ)

Proof. Let X be a Beta Prime random variable with parameters αt e βt, that is:

p(X | αt, βt) =
1

B(αt, βt)

Xαt−1

(1 +X)αt+βt

Now define µt = X
κ

. By the Jacobian transformation µt has the following distribution:

p(µt|κ, αt, βt) =
1

B(αt, βt)

(κµt)
αt−1

(1 + κµt)αt+βt
κ

=
κµt

B(αt, βt)

µαt−1
t

(1 + κµt)αt+βt
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Therefore µt is distributed according to a generalized Beta of the second kind.

E[log(µt|κ, αt, βt)] = E

[
log

(
X

κ

)
|αt, βt

]
= E[log(X)]− E[log(κ)]

= ψ(αt)− ψ(βt)− log(κ)

Result (22) :

VAR[log(µt) | αt, βt, κ] = ψ′(αt) + ψ′(βt)

Proof.

var[log(µt) | αt, βt, κ] = var[log(Xκ−1) | αt, βt]
= var[log(X) | αt, βt]
= ψ′(αt) + ψ′(βt)

Appendix B. Demonstration of expressions (26) and (27)

Result (26):

E[log(µt) | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

1

yt + κ−1

1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

×
[
ψ(αt + yt)− ψ(βt + κ−1)− log(κ)

] sr

Γ(r)
κr−1exp(−sκ)dκ.

Proof. Using the posterior distribution for µt it is possible to write:

E[log(µt | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

log(µt)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+yt

B(αt, βt)

µαt+yt−1
t

(1 + κµt)yt+κ
−1+αt+βt

sr

Γ(r)
κr−1exp(−sκ)dκdµt

Notice that it is possible to invoke Fubini’s Theoerem to invert the order of integration on
the expression above. This procedure will allow the integration over µt to be performed.
This yields:

E[log(µt | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+yt

B(αt, βt)

srκr−1exp(−sk)

Γ(r)

[∫ ∞
0

log(µt)
µαt+yt−1
t

(1 + κµt)yt+κ
−1+αt+βt

dµt

]
dκ

E[log(µt | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+yt

B(αt, βt)

srκr−1exp(−sk)

Γ(r)

[
B(αt + yt, βt + κ−1)

καt+yt
(ψ(αt + yt)− ψ(βt + κ−1)− log(κ))

]
dκ

E[log(µt | Dt) =
1

p(yt | Dt−1)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

[
ψ(αt + yt)− ψ(βt + κ−1)− log(κ)

] srκr−1exp(−sk)

Γ(r)
dκ
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Result (27):

E[log2(µt) | Dt] =
1

p(yt | Dt−1)

∫ ∞
0

1

yt + κ−1

1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

×
[
(ψ(αt + yt)− ψ(βt + κ−1)− log(κ))2 + ψ′(αt + yt) + ψ

′
(βt + κ−1)

]
× sr

Γ(r)
κr−1exp(−sκ)dκ.

Proof. Again, using the posterior for µt and Fubini’s theorem we have that:

E[log2(µt) | Dt] =
1

p(yt | Dt−1)

∫ ∞
0

log2(µt)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+yt

B(αt, βt)

µαt+yt−1
t

(1 + κµt)yt+κ
−1+αt+βt

sr

Γ(r)
κr−1exp(−sκ)dκdµt

E[log2(µt) | Dt] =
1

p(yt | Dt−1)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

καt+yt

B(αt, βt)

sr

Γ(r)
κr−1exp(−sκ)

[∫ ∞
0

log2(µt)
µαt+yt−1
t

(1 + κµt)yt+κ
−1+αt+βt

dµt

]
dκ

E[log2(µt) | Dt] =
1

p(yt | Dt−1)

∫ ∞
0

(yt + κ−1)−1

B(yt + 1, κ−1)

B(αt + yt, βt + κ−1)

B(αt, βt)

[
(ψ(αt + yt)− ψ(βt + κ−1)− log(κ))2 + ψ′(αt + yt) + ψ

′
(βt + κ−1)

] sr

Γ(r)
κr−1exp(−sκ)dκ
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SUPERINTENDÊNCIA-REGIONAL SUDESTE I EM SÃO PAULO
GERÊNCIA EXECUTIVA - B - ARARAQUARA

SEÇÃO OPERACIONAL DA GESTÃO DE PESSOAS
PORTARIA Nº 56, DE 3 DE JULHO DE 2019

A Chefe da Seção Operacional da Gestão de Pessoas, da Gerência Executiva do
INSS em Araraquara/SP, no uso das atribuições conferidas no inciso I, do artigo 235 do
Regimento Interno aprovado, pela Portaria MDS nº 414 de 28/09/2017, publicada no DOU
nº 188-A, de 29/09/2017, conforme Processo 37298.000131/2019-27,resolve:

Conceder Aposentadoria Voluntária Integral, ao servidor VALDINO RAMOS -
SIAPE 0568475, ocupante do cargo de Administrador, Classe S, Padrão IV, do quadro de
pessoal do Instituto Nacional do Seguro Social, com fundamento no artigo 3º da Emenda
Constitucional 47/2005, com os proventos integrais, acrescidos das demais vantagens a que
faz jus, com opção pela incorporação da Gratificação de Desempenho aos proventos de
aposentadoria nos termos dos artigos 88 a 92 da Lei 13324/2016.Declarar vago, o referido
cargo.

MARA SILVIA SOUZA MIRANDA

SUPERINTENDÊNCIA REGIONAL SUL EM FLORIANÓPOLIS
GERÊNCIA EXECUTIVA - B - CRICIÚMA

SEÇÃO OPERACIONAL DA GESTÃO DE PESSOAS
PORTARIA Nº 50, DE 18 DE JULHO DE 2019

A CHEFE SUBSTITUTA DA SEÇÃO OPERACIONAL DA GESTÃO DE PESSOAS DA
GERÊNCIA EXECUTIVA DO INSS EM CRICIÚMA/SC, designada pela PT Nº 57/GEXCRI/I N S S / S C,
de 26/12/2018, publicada no BSL nº 51, de 26/12/2018, e no uso das atribuições que lhe
confere o artigo 235, do Regimento Interno desta autarquia, aprovado pela Portaria
PT/MDS nº 414, de 28 de setembro de 2017, publicada no Diário Oficial da União nº 188-
A, de 29 de setembro de 2017, resolve:

Conceder aposentadoria voluntária integral a servidora LIZANDRA HULSE DE
FARIAS matrícula SIAPE nº 929362, ocupante do cargo de Tecnico do Seguro Social, código
434550, nível "NI", classe "S", padrão "IV", do quadro de pessoal do INSS, com fundamento
no art. 3º da Emenda Constitucional nº 47, de 5 de julho de 2005, observado o contido no
processo nº 35344.000133/2019-98, declarando, em consequência, o referido cargo
vago.

MARILDA RIBEIRO DOS SANTOS

SUPERINTENDÊNCIA DE SEGUROS PRIVADOS
S EC R E T A R I A - G E R A L

PORTARIA Nº 7.412, DE 17 DE JULHO DE 2019

A SUPERINTENDENTE DA SUPERINTENDÊNCIA DE SEGUROS PRIVADOS - SUSEP,
no uso das atribuições que lhe confere o inciso VI do art. 30 da Portaria Susep nº 7.371,
de 29 de maio de 2019, e conforme o inciso I do art. 9º da Portaria GME nº 10, de 17 de
janeiro de 2019, resolve:

Art. 1º Nomear a servidora THERESA CHRISTINA CUNHA MARTINS, CPF
363.428.587-72, para exercer a função de Chefe da Secretaria do CRSNSP - SESEC, código
DAS 101.1, na estrutura do Gabinete - GABIN.

Art. 2º Esta Portaria entra em vigor na data de sua publicação.

SOLANGE PAIVA VIEIRA

SUPERINTENDÊNCIA DA ZONA FRANCA DE MANAUS
PORTARIA N° 563, DE 16 DE JULHO DE 2019

O SUPERINTENDENTE DA SUPERINTENDÊNCIA DA ZONA FRANCA DE MANAUS,
no uso da competência que lhe foi subdelegada pela Portaria nº 10, de 17 de janeiro de
2019, e considerando o disposto no Decreto nº 7.139, de 29 de março de 2010, com suas
alterações, na Portaria nº 83-SEI, de 12 de janeiro de 2018 e na Lei nº 8.112, de 11 de
dezembro de 1990, e os termos constantes do Processo SEI nº 52710.006121/2019-71,
resolve:

Art. 1º Designar DANIEL LIMA DA SILVA FILHO, Matrícula SIAPE nº 1632977,
para exercer a Função Comissionada do Poder Executivo Federal de Coordenador-Geral de
Execução Orçamentária e Financeira, código FCPE 101.4, da Superintendência Adjunta
Executiva, da Superintendência da Zona Franca de Manaus, ficando, por consequência,
dispensado do encargo de Coordenador Geral substituto que atualmente exerce.

Art. 2º Dispensar CARLITO DE HOLANDA SOBRINHO, Matrícula SIAPE nº
1082665, da Função Comissionada do Poder Executivo Federal de Coordenador-Geral de
Execução Orçamentária e Financeira, código FCPE 101.4, da Superintendência Adjunta
Executiva, da Superintendência da Zona Franca de Manaus.

Art. 3º Designar CARLITO DE HOLANDA SOBRINHO, Matrícula SIAPE nº 1082665,
para exercer o encargo de Coordenador-Geral, substituto, da Coordenação-Geral de
Execução Orçamentária e Financeira, código FCPE 101.4, da Superintendência Adjunta
Executiva, da Superintendência da Zona Franca de Manaus, nos afastamentos e
impedimentos legais e regulamentares do titular do cargo.

Art. 4º Esta Portaria entra em vigor na data de sua publicação.

ALFREDO ALEXANDRE DE MENEZES JÚNIOR

PORTARIA N° 569, DE 18 DE JULHO DE 2019

O SUPERINTENDENTE DA SUPERINTENDÊNCIA DA ZONA FRANCA DE
MANAUS, no uso da competência que lhe foi subdelegada pelo Art. 9º, da Portaria
GM/ME nº 10, de 17 de janeiro de 2019, e considerando o disposto no Decreto nº
7.139, de 29 de março de 2010, com suas alterações, na Portaria nº 83-SEI, de 12 de
janeiro de 2018 e na Lei nº 8.112, de 11 de dezembro de 1990, no Decreto 9.727 e
Decreto 9.732, de março de 2019, e os termos do Processo nº 52710.006377/2019-88,
resolve:

Art. 1º Exonerar, a pedido, EMMANUEL RIBEIRO SALES DE AGUIAR,
Matrícula SIAPE nº 677898, do Cargo em Comissão de Coordenador-Geral de
Planejamento e Programação Orçamentária, código DAS 101.4, da Superintendência
Adjunta de Planejamento e Desenvolvimento Regional.

Art. 2º NOMEAR FÁBIO LEANDRO CALDERARO, CPF nº 212.549.178-88, para
exercer o Cargo em Comissão de Coordenador-Geral de Planejamento e Programação
Orçamentária, código DAS 101.4, da Superintendência Adjunta de Planejamento e
Desenvolvimento Regional, da Superintendência da Zona Franca de Manaus.

Art. 3º Esta Portaria entra em vigor na data de sua publicação.

ALFREDO ALEXANDRE DE MENEZES JÚNIOR

BANCO NACIONAL DE DESENVOLVIMENTO ECONÔMICO E SOCIAL
DESPACHO DE 15 DE JULHO DE 2019

Afastamento do País autorizado pelo Diretor Roberto Carlos Marucco Junior em
15/07/2019, de acordo com a subdelegação de competência prevista na Portaria PRESI nº
110/2017-BNDES, de 04/04/2017, do Presidente do BNDES: FELIPE BUCHBINDER,
engenheiro, para realizar mestrado na Duke University, em Durham/EUA, no período de
29/07/2019 a 05/08/2021, inclusive trânsito, com ônus (Processo de Viagem ao Exterior nº
63714).

ROBERTO CARLOS MARUCCO JUNIOR
Diretor

FUNDAÇÃO ESCOLA NACIONAL DE ADMINISTRAÇÃO PÚBLICA
DIRETORIA DE GESTÃO INTERNA

COORDENAÇÃO DE RECURSOS HUMANOS
PORTARIA Nº 436, DE 18 DE JULHO DE 2019

O PRESIDENTE DA FUNDAÇÃO ESCOLA NACIONAL DE ADMINISTRAÇÃO PÚBLICA
- ENAP, no uso das atribuições que confere o Estatuto aprovado pelo Decreto n° 9.680, de
2 de janeiro de 2019, considerando o Regulamento do Programa Cátedras Brasil, instituído
pela Resolução n° 26, de 06 de agosto de 2018, e o disposto no Edital n° 50, de 11 de
junho de 2019, resolve:

Art. 1° Instituir a Comissão Julgadora tendo em vista a seleção de candidatos
para concessão de bolsas de pesquisa e de inovação do Edital n° 50/2019, composta pelos
seguintes membros titulares e suplentes:

I - Claúdio Djissey Shikida (Presidente)
II - André Carraro
III - Antônio Claret Campos Filho
IV - Aumara Bastos Feu Alvim de Souza
V - Bernardo Lanza Queiroz
VI - Ciro Campos Christo Fernandes
VII - Daienne Amaral Machado
VIII - Eduardo Pontual Ribeiro
IX - Erik Alencar de Figueiredo
X - Everson Lopes de Aguiar
XI - Frank Magalhães de Pinho
XII - Igor Vinicius de Souza Geracy
XIII - João Paulo de Resende
XIV - Leonardo Carvalho de Mello
XV - Luanna Sant'Anna Roncaratti
XVI - Luciano Benetti Timm
XVII - Marize Schons
XVIII - Maurício Mota Saboya Pinheiro
XIX - Natália Massaco Koga
XX - Nelson Leitão Paes
XXI - Pedro Henrique Costa Gomes de Sant'Anna
XXII - Regina Luna de Santos Souza
XXIII - Ricardo de Lins e Horta
XXIV - Roberta da Silva Vieira
XXV - Rodrigo Leandro de Moura
XXVI - Thais Gargantini Cardarelli
XXVII - Thomas Victor Conti
XXVIII - Victor Schimidt Comitti
XXIX - Wanderson Maia Nascimento
XXX - Wilsimara Maciel Rocha
Art. 2° A Comissão Julgadora terá as seguintes atribuições:
I - Avaliar os projetos de pesquisa e inovação submetidos para o Edital nº

50/2019, conforme os critérios de julgamento constantes no Anexo II do Edital;
II - Realizar, quando cabível, entrevistas com os candidatos aprovados na

primeira fase do processo de seleção (análise dos projetos de pesquisa) do Edital nº
50/2019;

III - Avaliar as entrevistas realizadas com os candidatos do Edital nº 50/2019,
conforme os critérios de julgamento constantes no Anexo II do Edital e;

IV - Manifestar-se, oportunamente, em face da interposição de recursos
relativos ao Edital nº 50/2019, conforme os itens 8.3 do Edital e 10.3 do Regulamento
(Anexo I do Edital).

Art. 3° Esta Portaria entra em vigor na data de sua publicação.

DIOGO G. R. COSTA

FUNDAÇÃO JORGE DUPRAT FIGUEIREDO, DE SEGURANÇA
E MEDICINA DO TRABALHO

PORTARIA Nº 265, DE 18 DE JULHO DE 2019

O PRESIDENTE DA FUNDAÇÃO JORGE DUPRAT FIGUEIREDO, DE SEGURANÇA E
MEDICINA DO TRABALHO DO MINISTÉRIO DA ECONOMIA, no uso de suas atribuições e
considerando a subdelegação de competência de que trata o inciso VIII do art. 9º da
Portaria GM/MECON nº 10, de 17 de janeiro de 2019, publicada no Diário Oficial da União
de 18 de janeiro de 2019, alterada pela Portaria GM/MECON nº 18, de 28 de janeiro de
2019, publicada no Diário Oficial da União de 29 de janeiro de 2019, resolve:

Designar ALLAN DAVID SOARES, CPF nº ***.262.338-**, matrícula nº 2999242,
para exercer o encargo de substituto eventual da Diretora-Executiva, código DAS 101.5,
desta Fundação Jorge Duprat Figueiredo de Segurança e Medicina do Trabalho -
FUNDACENTRO, nos seus afastamentos ou impedimentos regulamentares, sem prejuízo das
respectivas atribuições.

FELIPE MÊMOLO PORTELA

Ministério da Educação
GABINETE DO MINISTRO

PORTARIA Nº 1.374, DE 18 DE JULHO DE 2019

O MINISTRO DE ESTADO DA EDUCAÇÃO, no uso da atribuição que lhe
confere o art. 87, parágrafo único, inciso IV, da Constituição, e em observância ao
disposto na Lei nº 8.112, de 11 de dezembro de 1990, no Decreto nº 8.956, de 12 de
janeiro de 2017, no Decreto nº 9.665, de 02 de janeiro de 2019 bem como no inciso
II, art. 6º do Decreto no 9.794, de 14 de maio de 2019, resolve:

EXONERAR RENATO AUGUSTO DOS SANTOS, CPF nº 169.549.198-02, do cargo
de Coordenador-Geral, código DAS-101.4, da Coordenação-Geral de Controle de Qualidade
da Educação Superior, da Diretoria de Avaliação da Educação Superior, do Instituto Nacional
de Estudos e Pesquisas Educacionais Anísio Teixeira, a contar de 10 de julho de 2019.

ABRAHAM WEINTRAUB
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de Recursos Humanos

PORTARIA Nº 436, DE 18 DE JULHO DE 2019

O PRESIDENTE DA FUNDAÇÃO ESCOLA NACIONAL DE ADMINISTRAÇÃO PÚBLICA - ENAP, no

uso das atribuições que confere o Estatuto aprovado pelo Decreto n° 9.680, de 2 de janeiro de 2019,

considerando o Regulamento do Programa Cátedras Brasil, instituído pela Resolução n° 26, de 06 de

agosto de 2018, e o disposto no Edital n° 50, de 11 de junho de 2019, resolve:

Art. 1° Instituir a Comissão Julgadora tendo em vista a seleção de candidatos para concessão de

bolsas de pesquisa e de inovação do Edital n° 50/2019, composta pelos seguintes membros titulares e

suplentes:

I - Claúdio Djissey Shikida (Presidente)

II - André Carraro

III - Antônio Claret Campos Filho

IV - Aumara Bastos Feu Alvim de Souza

V - Bernardo Lanza Queiroz

VI - Ciro Campos Christo Fernandes

VII - Daienne Amaral Machado

VIII - Eduardo Pontual Ribeiro

IX - Erik Alencar de Figueiredo

X - Everson Lopes de Aguiar

XI - Frank Magalhães de Pinho

XII - Igor Vinicius de Souza Geracy

XIII - João Paulo de Resende

XIV - Leonardo Carvalho de Mello

XV - Luanna Sant'Anna Roncaratti

XVI - Luciano Benetti Timm

XVII - Marize Schons

XVIII - Maurício Mota Saboya Pinheiro

XIX - Natália Massaco Koga

XX - Nelson Leitão Paes

XXI - Pedro Henrique Costa Gomes de Sant'Anna

XXII - Regina Luna de Santos Souza

XXIII - Ricardo de Lins e Horta

XXIV - Roberta da Silva Vieira

XXV - Rodrigo Leandro de Moura

XXVI - Thais Gargantini Cardarelli

XXVII - Thomas Victor Conti



XXVIII - Victor Schimidt Comitti

XXIX - Wanderson Maia Nascimento

XXX - Wilsimara Maciel Rocha

Art. 2° A Comissão Julgadora terá as seguintes atribuições:

I - Avaliar os projetos de pesquisa e inovação submetidos para o Edital nº 50/2019, conforme os

critérios de julgamento constantes no Anexo II do Edital;

II - Realizar, quando cabível, entrevistas com os candidatos aprovados na primeira fase do

processo de seleção (análise dos projetos de pesquisa) do Edital nº 50/2019;

III - Avaliar as entrevistas realizadas com os candidatos do Edital nº 50/2019, conforme os

critérios de julgamento constantes no Anexo II do Edital e;

IV - Manifestar-se, oportunamente, em face da interposição de recursos relativos ao Edital nº

50/2019, conforme os itens 8.3 do Edital e 10.3 do Regulamento (Anexo I do Edital).

Art. 3° Esta Portaria entra em vigor na data de sua publicação.

DIOGO G. R. COSTA

Este conteúdo não substitui o publicado na versão certificada.
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INSTITUTO FED.DO SUDESTE DE MINAS GERAIS

Rei-gabinete Da Reitoria

PORTARIA nº 230, de 13 de fevereiro de 2019

O Reitor do Instituto Federal de Educação, Ciência e Tecnologia do Sudeste de Minas Gerais, no uso de suas

atribuições legais, conferidas pelo Decreto Presidencial de 12-04-2017, publicado no Diário Oficial da União, Edição

nº  72,  de  13-04-2017,  Seção  2,  página  01,  e,  ainda,  considerando  o  Memorando  Eletrônico  n°  5/2019  -

BSCCAMPUS, de 12-02-2019, Identificador 201933887, resolve:

Art. 1º- DESIGNAR  os servidores abaixo relacionados para comporem a Subcomissão Permanente de Pessoal

Docente (SPPD) do IF Sudeste MG - Campus Avançado Bom Sucesso, conforme a seguir:

Nome Siape Representatividade

Robson José da Silva 2047063 Presidente

Telma Suely da Silva Morais 3078817 Membro Titular

Victor Schmidt Comitti 3082930 Membro Titular

Danielle Pereira Baliza 1953999 Membro Suplente

Wilker Rodrigues de Almeida 1847521 Membro Suplente

José Alves Junqueira Júnior 1550608 Membro Suplente

Art. 2º- REVOGAR a Portarias-R nºs 597/2016, de 01-07-2016, e 948/2017, de 04-08-2017.

CHARLES OKAMA DE SOUZA
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